Abstract: We investigate the thermal entanglement characteristics of three dipole-coupled two-level atoms arranged in two different configurations -in a line with nearest neighbour coupling and in a closed loop with each atom interacting with both its neighbours. It is observed that in loop configuration, any one of the three atoms is indeed entangled with the other two atoms in the system, which are not mutually entangled, and further that this feature is specific to only the loop configuration, which is markedly absent in the line configuration. A detailed study of the quantum correlations demonstrated how these can be tuned by varying the temperature and the dipole dipole coupling strength, in both the configurations.
Introduction
Entanglement, well-known for several decades [1, 2] , is one of the most striking features of quantum mechanics and plays a key role in quantum computation and quantum information [3] [4] [5] [6] and is very sensitive to the system-environment interaction and the initial state of the system. If a composite system is not entangled, normally one concludes that it is separable. However, a composite system may contain other types of non-classical correlation, even when it is separable. The most popular measure of such correlations is the quantum discord introduced by Zurek et al. [7] [8] [9] [10] . In comparison with entanglement and other thermodynamic quantities, discord has received significant interest from the perspective of quantum phase transitions [11] and NMR quantum computations [12] . Recently, experimental estimation of quantum discord in a spin 1/2 anti-ferromagnetic Heisenberg system was studied from the macroscopic properties such as susceptibility and heat capacity [13] . Many theoretical studies in interacting quantum spin systems have been performed to calculate pairwise correlations [14, 15] . It is well known that a knowledge of different measures of entanglement and its distribution over each of the constituent atoms is crucial for tasks such as quantum teleportation [16] and super dense coding [17] [18] [19] .
In this paper, we investigate pairwise thermal entanglement characteristics of three atoms interacting through dipole-dipole coupling. Further, we allow for the possibility of the three atoms to be aligned in a line as well as in a loop configuration. Here, the entanglement property of the system is characterized by concurrence [20, 21] and the quantum correlations are characterized by quantum discord [7] [8] [9] [10] . In this work, we will show that the entanglement characteristics of three atoms undergo an unexpected, qualitative change when the atoms are arranged in loop configuration, which feature is markedly absent in the line configuration. In particular, we observe an interesting result that any one of the qubits is indeed entangled with the other two qubits in the system, which are not mutually entangled, for any arbitrary dipole-dipole coupling strength. We also show that the quantum correlations may be enhanced upon decreasing the temperature and increased with an increase in the dipole dipole coupling strength, both in line and loop configurations.
The organization of the paper is as follows. In sec.II, we introduce our model and give the Hamiltonian for the system of three identical two-level atoms interacting with each other via dipole-dipole coupling. In Sec.III, we present numerical results for the pairwise entanglement characteristics of three two-level atoms arranged in line configuration. In particular, we study the effects of temperature, atomic transition frequency and dipole-dipole coupling strength on pairwise concurrence and quantum discord. We present the corresponding results for the atoms arranged in a loop -configuration, in Sec.IV. Conclusions drawn from this study are presented in Section V, wherein we provide direction for further investigation.
Formulation
The Hamiltonian for the system of three atoms (A, B, C) coupled through dipole-dipole interaction is given by
The first term describes the unperturbed energy of the system while the second term represents the dipole -dipole interaction between the atoms, where Ω ij , the dipole dipole interaction strength, is a function of the inter-atomic separation 'd'. In the above, ω is the atomic transition frequency, S + i = |1 i 0| and S − i = |0 i 1| are the raising and lowering operators of the i th atom. Here, we assume that all the three atoms are identical, i.e., ω A = ω B = ω C = ω and dipole dipole interaction strength Ω ij = Ω for i = j = A, B, C. In the absence of any radiation field, the Hamiltonian (eq.2) is expanded in pure standard basis, |ijk , where i, j, k = 0, 1, by diagonalizing which all the eigenstates will be obtained.
In this work, we consider two of the configurations, line and loop, in which the system of three atoms can be arranged. In the line configuration, the atoms are located in a linear array, wherein the d-d interactions between successive atoms in this linear chain are considered, i.e., the interaction between atoms A and B (Ω AB ), and that between atoms B and C (Ω BC ) alone is taken into account. The second configuration we consider is a closed loop, where each of the three atoms interacts with its neighbours. Both these configurations are shown in figure1. We are considering these two configurations which are distinct and it should be noted that any other arrangement would be a simple variation of these two. As the atom-atom coupling manifests in different ways in both these configurations, the results for the two configurations are found to be markedly different.
For the three atom system, in thermal equilibrium at temperature T, the density matrix can be expressed as
where Z = Tr(e −βǫi ) is the partition function and β = 1 kB T (k B is Boltzmann constant). Given how crucial the measure of entanglement and its distribution over different atoms is, for tasks such as quantum teleportation [16] and super dense coding [17] [18] [19] , in this work we investigate the entanglement properties of the three atoms system.
The focus here is on the pairwise entanglement associated with any two atoms in terms of concurrence C(ρ ij ) and quantum discord D(ρ ij ). For pairwise thermal entanglement, one can obtain the reduced density matrices ρ ij by taking partial transpose of ρ ijk with respect to k, given by
where i, j, k = A, B, C. In the following, we give a brief description of the quantum discord.
Quantum Discord
For two correlated subsystems A and B, quantum discord is defined as the difference between the total correlation and the classical correlation, given by the following expression D = I − Q. Here the total correlation between two subsystems A and B of a bipartite quantum system (ρ AB ) can be quantified by the quantum mutual information I [22, 23] ,
where ρ A and ρ B are the reduced density matrices for subsystems A and B and S(ρ)(ρ = ρ A , ρ B , ρ AB ) represents the von Neumann entropy,
The measurements performed on one system, in general, influence the state of the other system, even if the two systems are far away from each other and do not directly interact [24] . Postulating that the total classical part of correlations is the maximal amount of information about one subsystem, say A, that can be extracted by performing a measurement on the other subsystem B, Henderson and Vedral [9] suggested taking, as a measure of classical correlation, the quantity
Here {B i } is a complete set of measurements on the subsystem B and ρ i A is the remaining state of A after obtaining the outcome i on B, and p i is the probability to detect the result i. Now, the quantum discord D(ρ AB ) is given by the difference between quantum mutual information I(ρ AB ) and the measurement-induced quantum mutual information C(ρ AB )
and it is interpreted as a measure of quantum correlations [7] . In what follows, we present details of the quantum correlations in both line and loop configurations.
The Quantum correlations in Line configuration
At thermal equilibrium, the quantum state of a three atom system is a weighted superposition of all the eigenstates. By diagonalizing the Hamiltonian H (Eq.2), we can obtain all the eigenvalues ǫ i and their corresponding eigenstates |ψ i . The eigenvalues ǫ i , in the line configuration, are
and the corresponding eigenstates |ψ i of the system, are given by 
Therefore, considering the standard basis {|g 1 g 2 g 3 , |e 1 g 2 g 3 , |g 1 e 2 g 3 , |g 1 g 2 e 3 , |e 1 e 2 g 3 , |e 1 g 2 e 3 , |e 1 e 2 g 3 , |e 1 e 2 e 3 } of the system, one can obtain the thermal density matrix of the form 
where the partition function
and the non zero density matrix elements are given by
It is well known that a mixed state ρ is separable if it can be expressed as a convex sum of three pure states, |ψ = |φ A ⊗ |φ B ⊗ |φ C , otherwise it is called an entangled state. In this case, at high temperature β → 0, the density matrix ρ ABC of the system reduces to, 
which can further be expressed as a convex combination of three pure states, From the above description, one observes that the system at high temperature is perfectly separable. However, for intermediate temperatures, the system is in a mixed state and we investigate the entanglement properties of such system, from a study of the pairwise concurrence C(ρ ij ) and the quantum discord D(ρ ij ).
Numerical Results
In this section, we study the pairwise concurrence C(ρ ij ) and discord D(ρ ij ) as functions of the ratio of dipole-dipole coupling strength Ω to atomic transition frequency. In addition, the influence of atomic transition frequency ω and the temperature k B T on the discord and concurrence of the system are also discussed. From the figure, it is clearly seen that C(ρ ij ) and D(ρ ij ) are zero when there is no coupling between the atoms. With increasing Ω/ω, it is observed that C(ρ AB ) = C(ρ BC ) and D(ρ AB ) = D(ρ BC ) where as C(ρ AC ) = 0. But D(ρ AC ) is non zero which implies that quantum correlations are still present even though end atoms A and C are not directly dipole coupled. We also note that the pairwise concurrence C(ρ AB ), C(ρ BC ) has non zero values only when Ω ≥ k B T . In addition, it is observed that the quantum discord D(ρ AB )(D(ρ BC )) dominates over the concurrence C(ρ AB )(C(ρ BC )) when the condition Ω/ω ≤ 1.5 is met. In the other regime, i.e., for Ω/ω > 1.5, concurrence dominates over the corresponding discord. This clearly shows that one can not write a simple relation between the concurrence and the discord for any subsystem comprising of one pair of qubits. This result is in agreement with that of [25] , in which they have considered a system of two qubits. In the lower temperature regime, the concurrence C(ρ ij ) and the quantum correlations D(ρ ij ) are greatly enhanced as shown in figures 3 and 4. Here the figures 3 and 4 show the variation of C(ρ ij ) and D(ρ ij ) as a function of ω/Ω for k B T /ω = 0.1 and k B T /ω = 0.01, respectively. For k B T /ω = 0.1, it is observed that the pairwise concurrence C(ρ AB ) = C(ρ BC ) and D(ρ AB ) = D(ρ BC ) whereas C(ρ AC ) attains a non zero value. We can thus deduce from a careful study of figures.3 and 4 that the quantum correlations D(ρ ij ) and pairwise entanglement C(ρ ij ) tend to increase with increasing dipole-dipole coupling strength, and attain a maximum/saturation value. Further decrease in temperature shows a very interesting feature in both these quantities. It is clearly seen that with a decrease of temperature, the curves of C(ρ ij ) and D(ρ ij ) plotted as a function of Ω/ω attain sharper edges, with all the kinks removed, thus resembling the shape of a switch, which in this context is referred to as a correlation /quantum switch [26] . This behaviour is much better elucidated when the quantities C(ρ ij ) and D(ρ ij ) are plotted as functions of atomic transition frequency ω in the lower temperature regime (k B T = 0.01), which are shown in figure 5 . From the results presented here for different temperatures and dipole coupling strengths, it is clear that these quantum correlation switches can be constructed by properly tuning the temperature and dipole coupling strengths. In figure 6 , we study the pairwise C(ρ ij ) and D(ρ ij ) as a function of k B T /ω for different values of dipole-dipole coupling strength (Ω/ω = 1, 0.5). It is clearly seen that the pairwise quantum discord D(ρ ij ) has non zero values at k B T = 0. This is in contrast to the property of pairwise entanglement C(ρ ij ). The concurrence C(ρ ij ) vanishes at k B T = 0, and then attains non-zero values as the temperature is raised and reaches a maximum value after which it falls to zero very rapidly at a specific temperature, namely when k B T = Ω. But the discord D(ρ ij ) continues to remain nonzero and vanishes at much higher temperatures. This indicates the robustness of quantum discord D(ρ ij ) against the concurrence as the temperature is increased. For higher values of dipole coupling strengths (Ω/ω) also, similar features are observed. To conclude, quantum correlations may be enhanced by lowering the temperature and/or by increasing the dipole dipole coupling strength, when the atoms are arranged on a line.
The Quantum correlations in Loop configuration
In this section, we present a discussion of the results that are obtained on the thermal entanglement properties of three atoms arranged in a loop configuration. In this case, we observe that the reduced density matrices ρ AB , ρ BC and ρ AC have different entanglement characteristics, though all of them have identical X-state form.
A comparison between the quantum discord D(ρ ij ) and the concurrence C(ρ ij ) for k B T /ω = 1.0 is displayed in figure7. From the figure, it is clearly seen that reduced density matrix ρ BC is separable and contains zero entanglement for all values of dipole-dipole coupling Ω, whereas the other reduced density matrices (C(ρ AB ) = C(ρ AC )) have non-zero entanglement. This surprising yet remarkable feature has been discussed in the literature [27, 28] for certain pure states. Similarly, one notes that the quantum correlations The same quantities as figure 7 for lower temperatures, viz., k B T /ω = 0.1 and k B T /ω = 0.01 are illustrated in figures 8 and 9 respectively. As the temperature is lowered from k B T /ω = 1 to 0.1 and 0.01, there is a significant increase in the quantum discord D(ρ AB ), D(ρ AC ) and the concurrence C(ρ AB ), C(ρ AC ). However, the discord D(ρ BC ), which had a non-zero value at a higher temperature shows a monotonic decrease with lowered temperatures and further, at sufficiently lower temperature, it approaches zero. The interesting feature of switch-like behaviour at lower temperatures, exhibited by the atoms arranged in line configuration is also seen when they are arranged in a loop[cf fig. 10 ]. However, unlike in the line configuration, in the case of the loop configuration, only two of the correlations corresponding to ρ AB and ρ AC , show this switch-type feature, while the third correlation (involving ρ BC ) is nearly zero, with only the discord having a small nonzero value at very small values of ω, and quickly becoming zero with further increase in ω, with clear absence of the 'switch' feature. It is believed that these quantum switches have important consequences in the implementation of quantum gates in quantum computing. In figure 11 , all the pairs of quantum correlations are plotted for typical values of dipole coupling strength Ω as a function of temperature. As seen from figure 11, the two concurrences C(ρ AB ) and C(ρ AC ) start from 0 at zero temperature, attain a maximum value at certain temperature and then decrease to zero with further increase in the temperature, while the corresponding discords D(ρ AB ) and D(ρ AC ) both peak at zero temperature and decrease as the temperature is increased, for all values of the coupling strength Ω, that are considered here. Further, these concurrences rapidly diminish while the quantum discords still persist, with a much slower decay. In general, both types of quantum correlations are seen to decay with increase in temperature due to thermal relaxation effects. In summary, it is seen that the quantum correlations increase with increase in the dipolecoupling strength and decrease as the temperature is increased, which as is already discussed is due to thermal relaxation effects.
CONCLUSION
The temperature dependent behaviour of the two quantum correlations, concurrence and discord, for all possible bipartite subsystems of the three coupled atoms in both line and loop configuration is studied in detail. In both the line and loop configurations, it is seen that the quantum correlations increase with increase in the ratio of dipole-coupling strength to atomic transition frequency and decrease as the ratio of temperature to atomic transition frequency is increased, the latter of which is attributed to thermal relaxation. In particular when the atoms are in loop configuration, certain interesting features are observed which are in agreement with the earlier reported studies on similar systems. It is worth mentioning here that Dür [29] has shown that the entanglement properties of a qubit with its neighbours are not simply determined by the mere number of its entangled neighbours but also by the properties of these entangled neighbours. In other words, the presence of entanglement or classical correlations on certain pairs of qubits may imply correlations on other pairs, if these are in any way connected to the qubits. These features very well substantiate our results on the entanglement properties, inferred from a study of the quantum correlations, of atoms arranged in a loop configuration.
